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We studied dimuon events arising from trident production, for both coherent and in- 
coherent processes, as well as relevant backgrounds, in order to predict the number of 
expected events observed in the lifetimes of current and forthcoming neutrino experi- 
ments. In particular, for this thesis, we focused in building the implementation of the 
incoherent contribution within the context of the GENIE montecarlo generator. We 
also developed relatively detailed GEANT4 geometries for the MINERvA detector as 
well as the DUNE Near Detector, for the Liquid Argon (LArTPC) and Straw Tube 
Tracker (STT) proposals. A very careful study of the backgrounds for the incoherent 
case was carried, in order to complement the study already done for the coherent con- 
tribution. Then, we combined the signals for the coherent and incoherent processes to 
realize a more realistic study of the expected number of events. The ROOT TMVA 
package for multivariate analysis was then used to filter signal from background. The 
results are presented in terms of number of events, and are calibrated based on the 
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The neutrino (ν) is a type of elementary particle that has no electric charge and only 
interacts with matter through gravity and the weak force. It is also a fermion, since 
it has non-integer spin (1/2), and can belong to one of three types (flavors): the elec- 
tron (νe), muon (νµ) and tau (ντ ) neutrinos. The study of the physical properties of 
the neutrino has been a prominent area of research for high energy physics in the past 
decades, as the study of its peculiar properties has helped us havea better understand- 
ing of the way the universe works. This was the case even as early as the first time it 
was postulated by Wolgang Pauli in 1930 in order to explain the lack of conservation 
of momentum in beta decay. It was later finally detected in 1956, at which time it was 
thought to be a massless particle. This wasthen put into question, as the phenomenom 
of neutrino flavor oscillation was observed. The flavor oscillation phenomenom occurs 
because the three neutrino flavors do not line up perfecty with the three masses that a 
neutrino can have, resulting in each mass state being a superposition of flavor states. 
Neutrinos have also been a useful tool for acquiring information from celestial bod- 
ies. Since neutrinos rarely interact, they can travel long distances through the vacuum 
of space, making it possible to study the spectra of neutrinos produced at distant 
stars, galaxies or even supernovae. Finally sterile neutrinos have also become a strong 
candidate for dark matter. 
 
This increased interest in the effective detection and understanding of the way neu- 
trinos interact with matter has fueled the construction ofvarious neutrino experiments 
like NuTeV, CHARM II, and in more recent years MINERνA and MicroBooNE, which 
have concentrated in the development of neutrino detection technologies as well as 
cross-section measurements. There have also been experiments built exclusively for 
the detection and measurement of parameters related to neutirino oscillation, like the 
MINOS[1] experiment at Fermilab, as well as the K2K experiment in Japan[2]. 
 
Neutrino Interactions In the medium energy range, between 0.1 and 20 GeV ap- 
proximately, which is the range of energy at which our investigation will take place, 
neutrino interactions are normally divided into regimes, depending on the energy of 





neutrino, the more in depth it can probe the internal structure of the nucleons (pro- 
tons, neutrons) it interacts with. Therefore, it is common practice to speak of three 
different interaction regimes: The quasi-elastic (QEL), the resonant scattering (RES), 
and the deep inelastic scattering (DIS) regimes. 
 
In the quasi-elastic regime, the neutrino interacts with individual nucleons and 
not with its constituent partons (quarks, gluons).  It is caracterized  by  not having a 
hadronic shower, but instead producing a lepton and a nucleon in the final state, 
since it is a charged current (CC) interaction. If the incident particle is a neutrino (ν), 
then the struck neutron becomes a proton and the neutrino becomes its corresponding 
lepton of the same flavor, if instead the incident particle is an antineutrino (ν), the 
struck neutron becomes a proton and the neutrino becomes its correspondingo antilep- 
ton. In the resonant regime, the incident neutrino has an energy that is high enough 
to produce a baryon resonance when striking the target nucleon, usually in the way of 
single pion production. Finally the last regime is the deep inelastic regime, in which 
the neutrino interacts with the individual partons composing the struck nucleon. This 
scattering is usually caracterized by a high momentum transfer between the neutrino 
and the target nucleon, resulting in a hadronic shower. Figure 1 shows the total cross 
section for neutrino interactions and how it divides into the three regimes described 
above. 
 
Apart from the three regimes described above, a fourth type pf classification that 
is relevant for this investigation are the coherent interactions. These interactions can 
be observed at a wide range of energies, thus they do not fall into a specific regime, 
like the ones described above. Coherent interactions are characterized by having a 
low momentum transfer between the neutrino and the target nucleus, and as a result, 
do not interact directly with its constituent nucleons. Instead the neutrino interacts 
with ne nucleus as a whole and nucleons are not expelled from the nucleus in the final 
state. Having made the relevantdistinctions between the ways neutrinos interact with 











Figure 1: Different regimes for the neutrino cross section. The graphs are based on 
the plots in reference [3] 
 
Trident Production Trident production is the name given to the interaction in which 
a neutrino scatters offthe Coulomb field in anatom, producing another neutrino and a 
lepton-antilepton pair. Although theoretically trident production can produce a pair 
of leptons of different flavors, this paper focuses on the case where a µ - µ+ pair is 
produced. 
 
νµ + N → νµ + µ+ + µ− (1) 
There is newfound interest in the study of this process because of its potential for 
studying extensions of the standard model (SM) in the form of new neutral current 
(NC) bosons, an example being the study of NC bosons coupled to a L−µ  Lτ symme- 
try [4]. The presence of these new Zj bosons is expected to be observable due to the 
interference they would have with their SM counterparts. As a result, we could take 
advantage of current and future neutrino experiments, like MINERνA detector, or the 
future DUNE experiment at the LBNF at Fermilab, to measure the deviation in the 
number of observed trident events from the SM predictions. 
 
One big obstacle in investigation trident production, however, is its small cross sec- 





current (CC) one, as it is shown in figure 2. This small cross section, combined with 
the the energy limitations in current and upcoming neutrino beam experiments2.5, 
make it difficult to study, due to the small number of events that could be expected 
in an experiment’s lifetime[5]. Furthermore, there are papers, like reference [6] that 
suggest background contributions may be many times larger than the trident signal 
itself. This puts greater importance in works that study the kinematical distributions 
of the µµ+ pair that is produced[7], which could be really helpful when trying to sep- 
arate trident events from their background. Given the importance of this distinction, 
this paper focuses on the simulation of the trident signal and its most important back- 
grounds, with the aim of feeding the kinematic distributions of the final state particles 
into the ROOT’s TMVA package[8] for multivariate analysis in order to filter signal 




Figure 2: Both measurements of the trident cross-section, as measured by the CHARM 
II[9] and NuTeV[10] experiments, shown as a ratio between the total trident cross- 
section and the inclusive CC cross section. 
 
Dissertation outline 
Following this introduction, the first chapter focuses on the theoretical aspects of our 
signal and background. It starts by describing the two trident processes that we are 
going to study, the coherent and the incoherent one. Then, we proceed to cover the 
calculation of the cross-section being studied, starting from the Feynman diagrams, 





A theory. This would allow us to add the  CV  and CA  coupling constants that are  be 
responsible for the interference of the W ± and Z0 bosons in the SM. The capter 
continues to explain in greater detail the different parametrizations for the nuclear 
forms factor, as well as nuclear charge densities that have been taken into  account, 
in order to see the magnitude of their effect on the cross section. Finally the chapter 
ends by describing the three background processes that we are taking into account. In 
the third chapter, we start by describing the experimental setups of the MINERνA 
and DUNE Near Detectors, proceed by defining the experimental observables that we 
have taken into account for our analysis, and end it by explaining the methodology 
used for our analysis with the ROOT TMVA package. Finally, the fourth chapter 
shows the results from the TMVA analysis and the discussion about what they imply 














1.1 The four fundamental forces 
All interactions between particles can be linked to one of the four fundamental forces, 
which are described in table 1.1, moreover, the interaction between two particles 
through a given force is always accompanied by a mediator boson. The strong force is a 
fundamental interaction mediated by gluons (g) that affects hadrons, which are the 
particles that are made up of quarks. The electromagnetic force affects all particles that 
posses an electric charge and is mediated by the photon (γ). The weak force affects all 
fermions, that is, particles with a non-integer spin, and is responsible for radioactive 
decay. It is mediated by the Z0 and W ± bosons. Finally, the gravitational force affects 
light and all particles that possess mass. There is yet to be found a physical theory that 
can both describe satisfactorily the effect of gravity at quantum level and be proven 
by present day experiments, therefore its mediator is not part of the standard model. 
However, if it were to exist, its would be called the graviton. 
 
A way to probe the physical properties of these particles and the forces that govern 




Force Strong Electromagnetic Weak Gravitational 
Theory Chromodynamics Electrodynamics Flavordynamics General relativity 
Mediator Gluon (g) Photon (γ) W ± and Z0 bosons Graviton 








up charm top 
down strange bottom 
Leptons 
e µ τ 
νe νµ ντ 
Mediator 
Bosons 
γ Z0, W ± g 
 
Table 1.2: Elementary particles of the standard model. In the first two rows are the 
six quarks. In the next two rows we see the three families of charged leptons (e, µ and 
τ ) and their corresponding neutrinos. Finally, the last row shows the mediator bosons 
for the strong, weak and electromagnetic forces. 
 
1.1.1 The weak force 
As mentioned in the introduction, trident production is one of the many processes 
a neutrino can go through when it interacts with matter. We also mentioned that 
neutrinos interact with matter mainly through the weak force. As mentioned earlier in 
this chapter, the weak force acts upon fermions (leptons and quarks) and is mediated 
by two propagators, the W ± and Z0 bosons. The weak force is the only force able to 
change neutrinos into their corresponding leptons i.e. an electron (e) can be changed 
into an electron neutrino (νe), a muon (µ)into a muon neutrino (νµ) and a tau (τ ) into 
a tau neutrino (ντ ). These changes between leptons of the same "flavor" are mediated 
by the W + boson, as it is shown in the right diagram on figure 1.1. 
 
ig √w    γµ(1 − γ 5) µ = 0, 1,2, 3 (1.1) 
2 2 
 
This construction of the CC current is said to be vector-axial vector (V-A), because 
when the vertex term above is combined with the u(p) spinors to form thecurrent term, 
it ends up having a vector component ( ū f γµui ) as well as an vector-axial one ( ū f γµ γ5ui 
).  The ū f γµui  term is denoted as a vector, because it has four components and under 
the inversion of coordinates (parity operation P ) it changes to:  P −1ū f γµuiP  = ū f γµ†ui. 
Where γµ† differs from γµ only in that it acquires aminus sign in its spacial components 
(µ  = 1, 2, 3).  In  a  similar  fashion,  the  ū f γµγ5ui  term  also  has  four  components,  but 
















µ µ µ νµ 
Figure 1.1: Charged current (CC) and neutral current (NC) fundamental vertices. 
 
 
Weak interactions can also be mediated by a neutral boson Z0. In this case the inter- 
action vertex is not perfectly balanced between the axial-vector and vector components. 
Instead, it contains the CV and CA couplings which, depending on the interaction, give 









1.2 The Trident Production Process 
Based on the different regimes describes in section , we recognize the existence of three 
regimes for trident production, depending on the valueof the q2 tranfered: First, in the 
coherent regime, at low Q2 values, neutrinos can interact with the nucleus as a whole. 
At intermediate Q2 values we encounter the incoherent regime, where neutrinos are 
able to interact directly with individual nucleons. Finally, for high Q2 values, we find 
the DIS regime, where they are able to interact directly with quarks. In this paper, we 













N, n, p N, n,p 
 
Figure 1.2: Example of one of the possible Feynmann diagrams for trident production. 
It can be seen that the diagram is valid for neutrinos scattering off either a nucleus or 
a single nucleon 
 
1.2.1 Cross-section Calculation for Trident Production 
As mentioned in the subsection above, a way of probing the physical properties of 
matter and the forces that govern it is through scattering experiments. These exper- 
iments require highly energetic particles, coming either from a reactor, from cosmic 
rays, or from a beam designed by an experiment, to either collide with one another or 
with a fixed target. Then, the particles resulting from this collision are analyzed and 
contrasted with theoretical predictions. 
 
The scattering of particles off matter 
An important concept that we are going to work with in this investigation is the 
cross-section of a certain interaction. The original concept of a cross-section comes 
from making the analogy of particles with hard objects with a defined size. The cross- 
section in this case would be the effective area around a particle inside which it is 
possible for a scattering to occur. For example, if we see particles as hard spheres, if 
we consider a target particle with radius R (left diagram on figure 1.3), a scattering 
event could only occur inside the area corresponding to the cross-sectional area of the 
target spherical particle (πR2). Since elemental particles are not hard spheres with a 
defined size, and scattering occurs instead because of a the deflection of a particle off 
a force field (right diagram on figure 1.3), we need to make a generalization of this 











Figure 1.3: Representation of the scattering of a particle directly off a hard sphere with 
radius R (left), and off the force field from the target particle (right) 
 
 
This generalized cross-section will not only depend on the target particle, as opposed 
to the case of the hard sphere, where it depended only on the radius R, but will also be 
dependent on the kinematic properties of the particles in the final state. Similar to the 
case of the cross-sectional area of a hard sphere, this cross-section will havethe units of 
cm2. As mentioned in the introduction, the present investigation concerns itself with 
the interaction of neutrinos with matter, specifically, trident production interactions. 
Therefore, one of the first steps that we need to take to study how they interact is to 
calculate the cross-section of this specific interaction. 
 
The cross-section for trident production has been calculated before by other authors[7][11] 
in the context of a V-A theory (where CV = 1 and CA = 1). We first proceed with re- 
producing the calculations made by these authors. It is important to note, that for the 
this dissertation, we will use Gaussian natural units to make the calculations. Gaussian 
units are built by defining the electric charge in such a manner that coulomb’s lawis 
F = q1q2 . Natural units work normalizing the speed of light and planck’s constant 
to 1 (c = 1, k = 1). The first step, of the calculation is to consider  the three possi- ble 
feynman diagrams for trident production shown in figure 1.4. We can ignore the 
contribution of the diagram on the right, were the W boson couples directly with the 
photon (right diagram on figure 1.4), because the presence of two W propagator terms 
heavily supress its contribution. 
 
Moreover, if we take into account the low energies at which current neutrino exper- 
iments operate2.5, as well as the how fast the form factors of nuclei decrease with q2 
(see section 1.3), we can assume safely that q2 << MW,Z. Therefore, we can study the 
weak interactions in the trident feynman diagrams as four-point effective interactions. 
Then, based on these two diagrams, we proceed to calculate the cross-section in the 



















N N N N N N 
Figure 1.4: Feynman diagrams for neutrino trident production, for the general case 
where the dimuon pair consists of any flavour of neutrinos (α, β = e, µ, τ ). Diagrams 
for the charged current (CC) coupling (left), for the neutral current (NC) coupling 
(center), and where the W boson couples directly with the nuclear coulomb field(right). 
This last diagram is heavily suppressed due to the presence of two W propagators. 
 
The golden rule for scattering 
The calculation of the cross-section can be a little complicated, however there is a 
standard golden rule to calculate it. Given the scattering of two particles, like the 
equation below: 
 
1 + 2 → 3 + 4 + · · · + n (1.3) 





2 S 4 4 
√ (2π) δ (p1 + p2 − p3 − p4 · · · − pn)× 
4 (p
1 · p2)2 − (m1m )22 
n 4 (1.4) 
Y 
2 2 2
Σ .  
0
Σ  d  pj 
πδ 
j=3 
pj  − mj    θ p j (2π)4 
In equation 1.4 above, mi and pi correspond to the mass and four-momentum of the 
ith particle. The S term is a statistical factor that accounts for the double counting 
that mayoccur due to identical particles being in the final state, and is calculated in the 
following manner: For every set of identical particles in the final state, we get a factor 
(1/n!) where n is the number of particles in that group of identical particles. Then, all 
(1/n!) factors are multiplied. For example, if a final state were to have 3 particles of 
16 
 
type 1 and 5 particles of type 2, S would be S = (1/3!)(1/5!). The information of the 
dynamics of the process, normally calculated using Feynman diagrams, is stored inM 
which we will later calculate using the Feynman rules. Finally, the rest of the terms 
17  
p   − mj j 
j 
.   
j j 





in the integral represent the phase space, which is the integration over all the outgoing 
four momenta, taking into account the following restrictions: 








2. .OuΣtgoing particles have positive energy, which is enforced by the heaviside func- 
tion θ0 p 
3. Ener.gy and momentum must be conserved, which is enforced by the delta func- 
tion δ(p1 + p2 − p3 − p4 · · · − pn). 
Equation 1.4 can be simplified by performing the integrals in the p0  vjariables, 
leaving us with the expression: 
  S 
∫
 
σ = √ 
4 (p1 · p2)2 − (m1m )22 |M|
2(2π)4δ4(p 1+ p 2 − p3 −p 4 · · · −np )× 
Yn d3 pj  (1.5) 
j=3 (2π)32 p2 + m2 
 
  S 
Σ. 
d3p3 Σ . 3 Σ . 3 ΣΣ 
4 n 
















(2π)4δ(p1 + p2 − p3 − p4 · · · − pn)  
(1.6) 
 
To begin,  we  start  by  calculating|M
2 
|by  applying  Feynman  rules  to  the  left  and 
middle diagrams in figure 1.4. First, we start by labeling the momenta of the different 
particles in the diagram: 
 
Incoming ν →p1 
Outgoing ν →p2 
µ → p4 
µ+ → p3 
Intermediary µ →k 
Photon → q 
Nucleus at start → P 
Nucleus at end 
















Then, we first calculate the M term for the NC diagram (middle diagram in figure 
1.4 ).  To do this, we start by getting the terms following the path of the µ−(νµ) 






w γλ(1 − γ
5) u(p1) (1.8) 
 














Where Mw is the mass of the Z0(W ±) boson mediating the NC(CC) interaction. 
Then, we add the terms that come from following the path starting from the outgoing 
νµ backwards into the incoming µ(νµ). 
.
 −ig 
Σ Σigλσ Σ 
ū (p2) √






Σ . w Σ (1.10) 








αkα + m) 
 
 
ig γ µu(p ) 
4 
2 2 (1 − γ ) 
e 3 
k2 m2 
If we factor the scalar terms out of the expression, reduce the ν and µ indices, and 






   i 
Σ
Σ 
λ (1 − γ5 Σ× 
Σ 2 2 . 
2 
2 
(ige) M 2   Σ 
ū (p2)Σγ 
)u(p1) 
ū (p  ) 
γ  (1 − γ5) 
i(k/ + m) w
µ
 u(p ) (1.11) 
4 λ γ 3 
k2 m2 
We proceed with adding the terms for the photon propagator, as well the one for 
the hadronic current (current term for the nucleons/nucleus), denoted by Hµ. The Z 












2  2 2 2 (ige) 
M 2
 
ū (p2)γ )u(p1) (1 − γ × 







ū (p  ) γ  (1 − γ
5) 




g Hµ Z 
4 λ 
k2 − m2 q2 
e
 
























w e Σ . 2 q2 ū (p2)γ
λ
Σ(1 − γ
5)Σu(p1)   × 
8 
ū (p  ) 
Mw 
γ (1 − γ5) 
i(k/ + m) 
γµ
 u(p ) H (1.13) 
4 λ k2 − m2 3 µ 
We then add a the (2π)4δ4() that correspond to each vertex and the d
4q terms 













Σ 8 . w 
q2 ū (p2)γ
λ(1 − γ5)u(p1) 
ū (p4) γλ (1 γ5) 




+ p2 4 4 Σ Σ 
− 
k2 − m2 4 − k − p1)(2π) δ (k + p3 − q) 
u(p3) × 
d4k d4q 4 4 j 
Hµ 
(2π)4 (2π)4 





We then proceed to perform the integrals on d4k and d4q. The integration of 
δ4(P j  + q−P  ) makes sure that q  = P P−j, although we will keep using q  for short 
hand in the calculations. Finally, according to the Feynman rules, we eliminate the 
(2π)4δ4(p2 + p3 + p−4  p1 −q)  term,  and  the  end  result  is  equal  t−o  iM,  therefore  the 

























γλ(1 − γ5) 
i(γλ(qλ − p3λ) + m) 
3 
(q − 2 2 
Σ Σ 
γµ   u(p3) Hµ 
p 
Now, if we repeat the calculations for the CC diagram (left diagram in figure 1.4), 















2 2 ū (p4)γ













γµ(1 − γ5) u(p 3) H µ 
22 
 
Now we are able to apply a Fier2z−Trqa)ns−fomrmation in order to give the equation 











































γµ(1 − γ5) u(p 3) H µ 










M =  MCC  +MNC  = 
 w e 
2 
Σ . w q2 
ū (p2)γλ(1 − γ5)u(p1) 
ū (p4) γλ(1 γ5) 






 i(p/   − /q + m) 
(q − p3)2 − m2 
Σ Σ 
γµ 4 
(p4 − q)2 − m2 
γλ(1 − γ
5) u(p3) Hµ 
By identifying the leptonic current in equation 1.18 and labeling it Lµ, as well as 
making the replacements 
√ 
and  √  . Σ2 2 gw , we have: 
e g = 4πα G =   8 Mw 
. 
g
2 Σ . 2 Σ 
M = 



































Where we make the following definitions: 





Now we are ready to apply the golden rule described in equation 1.6. In that 
equation we replace particles 1 and 2 with the incoming ν and initial nucleus, with 
corresponding four momentums p1 = (E1, p11, p2, p3) and p2 = (M, 0, 0, 0), assuming 
the nucleus to have a mass M and to be at rest in the lab frame of reference, as well 









particles, as well as their corresponding energies and momentums are labeled following 
the convention set in the set of equations 1.7. 

















 (2π)32E (2π)32E (2π)32E 4 (2π)32Ej 
× 
1 2 
(2π)4δ(p1 + q − p2 − p3 − p4)LµνHµν 
2Z2α2G2 
∫ 







2Ej 2E2 2E3 2E4 × δ(p1 + q − p2 − p3 − p4)L 4 Hµν (1.22) 
(2π) 4ME q 
Using Casimir’s trick, which is also explained in most introductory particle physics 
textbooks, like reference [12], we can reduce Lµν to a product of traces. For the trace 
reductions, as well asother cumbersome calculations with indices, we have made use of 
the FeynCalc package for Wolfram Mathematica[13]: 
. Σ 





×µσν(1 − γ 5) + γσ (1 − γ5) 
Σ 
  1 
γµ ×
 
ip/4 − i/q + m  
5
 i/q − ip/3 + m (1.23) 
.
−m − ip/3 
Σ   
γν
  1 
γλ (1 − γ5 ) + 
i/q − ip/3 + mΣ 
γλ (1 − γ










It is important to note that, since the vector and axial-vector couplings CV and  CA 
remain the same, the total cros-ssection for the neutrino and antineutrino trident 
cross-sections are the same σ
ν
trident  = σ
ν
trident. 
Now that we have successfully calculated the matrix element of the leptonic current 
Lµν, we note that the matrix element representing the hadronic currenHt µν  depends 
on the spin of the target. For coherent processes, where we assume the nucleus as a 
spin-0 target, we have the interaction: 
 
νµ + N  → N + µ+ + µ− + νµ (1.24) 




Hµν(P, q) = Hνµ(P, q) 
. 
1 Σ . 1 
Σ 
= 4|F (q2)|2 Pµ − 2











As noted by [7], due to the current conservation at the vertices of the photon 
propagator: 
 
qµLµν   = qνLµν   = qµHµν   = qνHµν  = 0 (1.26) 
The effective part of Hµν can be written for interactions with a spin-0 nucleus as: 
Hµν  = 4PµPνF 2(q2) (1.27) 
The nuclear formfactors F(q2), restrict the high-energy contribution ofthecoherent 
crosss-section, since they fall quickly as q2 increases. This makes it interesting to also 
tudy the incoherent scenario, where the neutrino scatters off individual nucleons, and 
therefore is linked to the nucleon form factor and not the nuclear one and thus falls off 
at a slower rate. 
νµ + p/n → p/n + µ+ + µ− + νµ (1.28) 
The hadronic current part for the incoherent scattering off a spin-1 nucleon can be 
written as [11]:  
Hµν(P, q) = 4PµPν(G2 
 







GM = F1 + F2 
GE = F1 − xF2 
From these expressions it becomes evident that, in order to calculate the contraction 
H
µν Lµν, we only require to be able to calculate PµLµνPν and δµνLµν. We checked that 
we could reproduce exactly these two expressions in the context of V-A (CA = CV = 1) 
theory, which has already been calculated by reference [7] and shown in the appendix 
A of their paper. In order to translate these calculations to the SM, we add the axial 
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We then follow the same procedure to calculate the corresponding PµLµνPν and 






terms that appear is unmanageable without a computer. The expressions for PµLµνPν 
and δµνLµν, equivalent to the ones on the appendix A of reference[7], are shown in 
Appendix A of this paper. 
 
As it can be seen from expression 1.27, the form factors (F (q2)) factor out of the 
currenttermsforthecoherentprocess, andasa resultscalethe differentialcross-section 
directly. Because of their significant effect on the cross-section, we saw convenient to 
study the effect that the use of different models for charge distributions had on the 
nuclear form factors. 
 
1.3 Study of the Nuclear Form Factors 
One big advantage of equation 1.27, is that the form factor (FF) is factorized outside 
the equation, making the exchange between the FF for nuclei, for the coherent case, 
and nucleons for the incoherent case straightforward. 
In the same way as reference[7], we have considered the exponential, dipole form 
factors, defined as follows: 
The exponencial parametrization models the nuclear form factor with the follow- 
ing equation: 
 
F (q2) = eq
2R2/10 (1.31) 
The dipole parametrization models the nuclear form factor with the followinf equa- 
tion. 
F (q2) = 
1
 
(1 − q2R20/20)2 
(1.32) 
Another way to parametrize the nuclear FF is tocalculate it as the Fouriertransform 
of the nuclear charge density ρ(r)[14]. We considered two models for the nuclear charge 
distribution, which could then be used tocalculate more precise form factors by taking 
the fourier transform in the following manner: 
∫ 
ρ(r)eiq ·rd3r 
F (q2) = ∫ 
ρ(r)d3r 
(1.33) 
The models we took into consideration were the Fermi Distribution, and the Har- 
monic Oscillator distributions for the nuclear charge density. 
The Fermi distribution parametrization models the nuclear form factor with the 
following equation 
  ρ0  
ρ(r) = 









As it can be noticed from the equation, this distribution is a two-parameter parametriza- 
tion that depends on the parameters c and z . The parameters used for the different 
atoms were taken from [15]. 
 
The harmonic oscillator parametrization has only one free parameter (a), which 
was obtained as well from reference [15]. This charge density model is described with 
the following equation: 
 
ρ(r) =ρ0(1 + α(r/a)2)exp(−(r/α)2) 
α =α0a20/(a2  + 
3
α0 (a2  − 0a2)) 
a02  =(a2  − ap2)A/(A − 1) 








Figure 1.5 shows how the three different parametrizations agree with experimental 
data [16]. The first thing that can be noticed from these figures is that the fermi 
distribution parametrization agrees much more closely to the data than the dipole 
or the exponential parametrizations. This was also noted by reference [7] and was 
the reason whythey chose the two-parameter fermi distribution for the simulations in 
their final results. Although the plot onoxygen also shows that the harmonic oscillator 
parametrization agrees very well with data for oxygen, reference [15] does not contain 
the necessary a parameter for all the nuclei that were relevant for our investigation. 
Therefore, we chose to use the Fermi distribution, both for its agreement with data, 
as well as the availability of the parameters for various nuclei. The second thing that 
can be noted from the plots below, is how quickly the form factor value falls with an 
increase in the modulus of q. This limits the relevance of events in the vicinity of 
























1.4 Backgrounds for Trident Production 
1.4.1 Charm Production 
Charm production interactions are those in which a charmed meson/baryon is pro- 
duced. The short lifetime of charmed baryons, like theλc+, for example, which has a 
lifetime of 2.00±0.06 1×0−13s makes it impossible for current neutrino detectors to 
resolve the resulting µ+ as not coming from the interaction vertex. 
 
νµ + s/d → µ∓+c (1.36) 















Figure 1.6: Charm production diagram. 
 
 
There is a wide variety of charmed baryons/mesons that can be produced in a 
charm production interaction, however, early in the investiagation we noticed that if 
we applied the following cuts (which stem from the discussion in section 2.2) to the 
charm production signal: 
1. There are no more than two µ’s, which should be oppositely charged, in the final 
state 
2. There are no more thatn 4 particles in the final state ( ν, µ−, µ+, and an out- 
coming nucleon ) 
Then, the µ+, would come solely from the decayof λ+’s, produced in a Quasi-elastic 
(QEL) CC interaction. This fact is very important, because it means that being able to 







important backgrounds from charm production. This is evidenced by the fact that 
in reference [6] about charm production in the Tevatron λ+ decays are of the least 
important contributions to the signal, mostly because low capacity of the detector to 
detect low energy showers. 
 
Another important detail about charm production of λ+’s , is that current conser- 
vation in this CC interaction results in neutrons being the only possible nucleons for 
the final state. Therefore, the background signal does not increase if we change from 
studying coherent interactions to incoherent ones. 
 
1.4.2 Pion Production 
Inclusive single π+ production is the name given tothe group ofprocesses that generate 
a single π+ in the final state. The feynman diagram showing an example of one of such 
processes is shown in figure 1.7. When considering the π+’s produced inside of the 
detector, we identified two possible types of background processes: contained pions 
and passed pions. 
 
νµ + N → µ∓ + X+π± (1.37) 
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N     N 
∆ 
Figure 1.7: Pion production diagram. 
 
 
Contained Pions    These are single pion production events where the track left by a 
µ+ and the track, left by the π+ it decayed from, form an angle that is smaller than 
the detector’s angular resolution. This would result in both tracks to be potentially 







when joined with the µ− track from the original CC interaction, would result in a 
dimuon signal, similar to that of trident production. It is important to note that, since 
the lifetime of the π+ is sufficiently big of the detector to detect a displaced vertex, this 
background is given a different treatment as the charm production background, where 
λ+’s lifetime is small enough for it to not be detected before decaying. Therefore we 
deemed necessary the analysis of the angle between π+ and µ+ tracks for the selection 




Figure 1.8: Diagram describing how the track of a π+ that decays into a µ+ may be 
misreconstructed as a µ+ track coming from the interaction vertex 
 
 
Passed Pions For the purpose of this investigation, we will refer to the pions that go 
through the detector without interacting as passed pions. This is a very rare oc- 
curence, since most experiments usually haveastrategy tocontain the hadronic show- 
ers produced inside of the fiducial region. However, since the cross-section of trident 









Figure 1.9: Passed pions diagram in the context of a DUNE-like detector. 
 
 
1.5 Proton Distributions 
It is important to note that, in the case of incoherent trident generation, when the 
neutrino interacts with a proton, this proton is expected to come out of the main 
interaction vertex, similar to a quasi-elastic interaction (QEL). For the purpose of this 
dissertation, we did not use the kinetic properties of this proton as a criteria to 
discriminate trident from background events. Nonetheless, as it is shown on figure 
1.10, it could be possible to eliminate a large portion of background events by making 








Figure 1.10: Normalized distributions of the energies of the protons coming from the 












Experimental Observables and 
analysis Methods 
 
2.1 Experimental Observables 
As described in the previous section, trident production is expected to generate a µ+ 
µ− pair. We considered a set of observables a detector might be able to measure, that 
would help us distinguish the trident signal from the background. We chose the six 
variables described in Table 2.1. They are also described graphically in figure 2.1. The 
first variable is the Z-position of the main interaction vertex. This variable waschosen, 
at first, because for the backgrounds that come from π+ decay. The position in the 
detector at which they are produced is important, because the π+ that are produced 
upstream in the detector will have more time to decay than the ones that have their 
main vertex further downstream. Second, for the case of passed pions, since the 
closer to the edges of the detector the π+’s are generated, the more likely they are to 
become a passed pion background, since they need togothrough less material in order 
to escape the detector. This can be seen very clearly in figure 2.2, where the graph for 
the background Zint falls off dramatically as one progresses along the Z-axis. Variables 
2 and 3 are the angles that the positive and negative µs, respectively, form with the Z 
axis. 
 
These variables were chosen because, according to the kinematic distributions cal- 
culated by reference [7], both the µ+ and th µ− are expected to form small angles with 
the z axis for trident production. For the background interactions, however, we expect 
to have larger angles for the µ+’s, mostly because they originate from the decays of 
particles, and it relies on the particles being of high enough energy to carry enough 
momentum to be likely to form a small angle with the Z axis. Variable 4 is the angle 






Observable Description Reconstruction Requirements 
Zint 
Longitudinal position 
of interaction vertex 
Vertexing 
θ+ 
Track polar angle of positive 
particle (w.r.t. beam axis) 
Tracking, charge ID 
θ− 
Track polar angle of negative 
particle (w.r.t. beam axis) 
Tracking, charge ID 
θ+− 
Angular separation between positive 
and negative particle tracks 
Tracking 
E+− 
Energy difference between positive 
and negative particles 
Muon calorimetry 
(charge ID for sign) 
W+− 
Invariant mass of positive 
and negative particles 
Full muon momentum 
 
Table 2.1: Variables taken into account for analysis 
 
with variables 2 and 3, but may still offer new information, since the tracks are in a 3D 
space. Finally, variables 5 and 6 are the energy difference and the invariant mass of the 
dimuons. These variables will then be used as the features on which the algorithms, 
described in section 2.5, will be trained. 
 
Taking into account that, depending on detector design, all six variables described 
on Table 2.1 will not always be available for analysis, we defined 4 different scenarios, 
described on Table 2.2, of sets of variables that represent the limitations of different 
detector designs. Scenario 1 describes a detector that has the capacity of determining 
the charge of a particle, as well as is energy and momentum, and thus is also able to 
calculate the invariant mass. Scenario 2 describes a detector that is limited in that it 
cannot distinguish the charge of the particle pair that comes out of the main vertex, 
possibly because it does not haveamagnetic field for charge and momentum detection. 
However it may still be possible for this detector to measure a particle’s momentum 
and energy by means of dE/dX analysis. Both of these scenarios describe situations 
in which we assume that the detector has a perfect way to contain all pions that are 
produced inside of it. Therefore, in the TMVA analysis, we won’t be considering the 
passed pions background when running the analysis for scenarios 1 and 2. 
 
Now, scenarios 3 and 4 do concern themselves with the realistic scenario in which 
a detector may have π+ that manage to escape its calorimetry and therefore, when 
running the TMVA analysis in that set of variables, we do include the passed pions 





Scenario  Availableobservables  # of vars 
1 θ+ θ− θ+− E+− W+−  5 
2 θ+− |E+−| W+− 3 
3 Zint θ+ θ− θ+− E+− W+− 6 
4 Zint θ+− |E+−| W+− 4 
Table 2.2: Studied scenarios of availability of observables 
 
posseses a magentic field, and therefore is able to distinguish which track corresponds to 
the positively charged particle, and which track corresponds to the negatively charged 
one. Finally, scenario 4, similar to scenario 2, describes a detector that does not posess 
a magnetic field, but does have otherwise a way to measure the particle’s energy and 
momentum. 
 









Figure 2.2: Signal (Blue) vs. Background (Red) distributions of input variables for a 
MINERνA-lis detector. 
 
2.2 Selection Criteria 
Trident production produces a very distinct dimuon signal, however there some char- 
acteristics of the signal that we should also take into account. 
For coherent Trident production: 





2. The final state must contain only the µ’s and the recoiling nucleus (the neutrino 
is not mentioned since it won’t be detected) 
For incoherent Trident production: 
1. Final state must contain only two oppositely charged µ’s 
2. The final state must contain only the µ’s, a single free nucleon, and the target 
nucleus (the neutrino is note mentioned since it won’t be detected) 
As you can see, the lack of hadronic showers is a characteristic of both the coherent 
and incoherent trident signal. This allows us to limit their possible backgrounds a lot. 
However, it is not a trivial task to detect neutrons in modern neutrino experiments, as 
described for the case of charm production in the previous chapter, thus we have chosen 
to take into account all events that produce neutrons for the coherent signal, since 
assuming that they are never identified would give us a conservative estimate of the 
backgrolund. Furthermore, as evidenced by the description above, for the incoherent 
case it is still possible to accept events that produce a proton in the final state. 
 
2.2.1 Cuts used to select Background candidates 
Now, if we analyze the three possible sources of background described in section 1.4, 
which we already know are capable of producing a µ+ µ− pair, we need todecide which 
cuts are the minimum necessary in order for them tobe confused for the trident signal. 
• For coherent interactions 
– For Charm production: Final state particles consists of a µ+ µ− pair as well 
as a ν (not visible) and a neutron. 
– For Pion production: Final state particles consists of a µ−, a π+  as well  as 
a ν (not visible) and a neutron (or none, in the case of coherent pion 
production). 
– For the contained pions case of single pion production, we also require that 
the angle between the tracks of the µ+ and its parent π+ is smaller than the 
detector’s angular resolution. 
• For incoherent interactions (all backgrounds): Final state particles consists of a 
µ+ µ− pair as well as a ν (not visible) and a nucleon (proton or neutron). All 
other cuts are identical to the coherent case. 
Note: As discussed in section 1.4.1, only neutrons are possible in the final state, 
and thus the charm production background does not change between the coherent 






2.3 Trident Production Simulation 
Asmentioned in the introduction, the trident signal eventswere generated bymeans 
of implementing the interaction in the GENIEmontecarlo generator. Thecross-section 
implemented was the one calculated in 1, iwth the0 CV   and±CA  coefficients set  to 1. Then in order to account of the interference of the Z  and W bosons, we multiplied 
the cross section by a factor  
√
C2  + C2 [4].  Appart of the hardships that comes with 
making additions a complex simulation framework such as GENIE, we faced the 
problem of sampling the available phase space for trident production. The problem 
arises from the fact that the trident production cross section is very peaked, and as 
a result, a uniform sampling of the phase space becomes very inefficient. Originally, 
when the cross section was calculated by W.Czyz, G.C. Sheppey and J.D. Walecka 
(CSW)[11], it was described in terms fo six variables x1 . . . x6. Then, in order to make 
the calculations faster, Lovseth et al.[7], made a convenient transformation into a new 
set of variables u1 . . . u6, in order to be able to sample the distribution in a version of 
the phase space in which it is not as peaked. 
 
At the present stage of our implementation of trident production in GENIE, these 
Lovseth transformations have been implemented for the generation of events for the 
coherent case. For the incoherent case, the generation is still made by sampling the 
original phase space defined by the variables x1 . . . x6 defined by [11]. In this phase 
space, wewere forced togenerate amuchlarger sample, compared tothecoherent case, 
since we needed to make sure the phase space was being sampled correctly. Future plans 
include the implementation of a Vegas-like algorithm, that could make an adaptive 
sampling of the phase space, thereby making the sampling more efficient, even when 
doing it uniformly. For now, however, our GENIE implementation can only generate 
weighted events. Thankfully, the ROOT TMVAtoolkit is well suited to analyze signals 
of weighted events. 
 
One crosscheck we made to makesure that our implementation of the trident gener- 
ator in GENIE was working correctly, was to generate cross section splines by making 
GENIE inegrate internally the differential cross section that we implemented in it. For 
this the VEGAS algorithm from the GSL library was used. This algorithm uses an 
adaptive sampling of the phase space, that makes the integration very fast, even with 
a peaked cross section like that of trident for the incoherent case. Figure 2.3 shows 
the comparison of the GENIE integrated cross section for the fermi form factor with 
the calculations made by Lovseth. The calculations made by CSW for the exponential 
and dipole form factor are algo compared with the calculations using an integration 
script made in Mathematica, since those form factor have not yet been added to the 





also compared woththe calculations by Lovseth, as well as the ones made by the paper 





Figure 2.3: Comparison of the Coherent cross-sections of the CSW[11] paper with the 
cross-sections integrated in Mathematica for the exponential and dipole form factors. 
The Lovseth[7] cross section, calculated with the Fermi form factor, is compared with 










Figure 2.4: Comparison of the nuclear Incoherent cross-sections in the Lovseth[7] and 
Brown[17] references with the cross-section integrated in our GENIEimplementation 
 
 
2.4 Experimental Configuration and Background Sim- 
ulation 
The background interactions were simulated in using the GENIE montecarlo simulator 
in a similar manner to the trident signal. Also, because π+ backgrounds (contained 
pions, passed pions) depend on the way π+’s interact with the detector, we also saw 
fit to use the GEANT4 simulation toolkit[18] to propagate the particles generated in 
GENIE inside of simplified detector geometries, representing the designs for the 
MINERνA detector, as well as the DUNE Near Detector (ND) straw tube tracker 
(STT) and liquid argon time projection chamber (LArTPC) proposals[19]. 
 
2.4.1 GENIE Simulation 
At first, the GENIE v2.12.4 montecarlo generator was used to generate an inclusive 





on the decay of π+’s inside of the detector. For all the events produced, which qualified 
as candidates for background events, the kinematic information of the pions generated 
was used as input for the Geant4 simulation. 
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Figure 2.5: Beam configurations used for the background simulation.[20][21] 
 
 
2.4.2 Particle Propagation in Geant4 
Then, in order to simulate the background signals coming from π+ decay, particles were 
propagated in geometries emulating the MINERνA Detector, as well as the DUNE ND 
using Geant4 v10.3.1. 
• A MINERνA-like Detector, shaped like an hexagonal prism. 
• A plastic scintillator approximation of the DUNE Near-Detector, consisting of a 
cubic plastic scintillator region, surrounded y electromagnetic calorimeter regions, 
as specified in plastic scintillator design for the DUNE ND, proposed on the March 
DUNE Collaboration ND Workshop [22]. 
• A liquid argon approximation of the DUNE Near-Detector, as specified in the 
liquid argon design for the DUNE ND, as proposed in the same DUNE Collabo- 



























For the DUNE STT ND and MINERνA detectors, we generated the GENIE samples 
using the same proportions of carbon and hydrogen reported by the detector designs 
for their tracker regions. For the DUNE ND argon design, events were generated only 
on argon. For the MINERνA-like detector, we used twodifferent fluxes for simulation, 
the Medium energy (ME) flux, and the High energy (HE) flux[24], while for the DUNE 
ND detectors, we used the LBNE’s flux[21]. 
 
2.4.2.1 MINERνA-like Detector 
The geometry portrayed in Figure 2.6 is the MINERνA-like volume that was used for 
the background simulations. The fiducial volume has the shape of a hexagonal prism, 
with a 465mm apothem. The fiducial volume is in turn surounded by electromagnetic 
and hadronic calorimeter rings, which are designed according to the same specifications 
used for the MINERνA Detector[25]. There is also an electromagnetic calorimeter 
region, as well as a hadronic calorimeter region downstream from the tracker, which 
are also also designed based on the same bibliography. 
 





2.4.2.2 DUNE ND - Straw Tube Tracker Proposal 
 
 
Figure 2.7: Cross section (left) and front view of fiducial region and electromagnetic 
calorimeter for the STT proposal. STT planes in the fiducial region are shown in yellow 




Figure 2.8: Cross section (left) and placement of front view of the complete DUNE 
STT detector used for simulation,showing the muon detector (white) surrounding the 
fiducial region and electromagnetic calorimeter 
 
 
The Straw Tube Tracker DUNE ND is described in the DUNE CDR[26] and is the 
one we based ourselves on to create the simplified geometry we used for our simulations. 
For simplicity, and since most of the interactions will take place in the tracking region, 
we did not model interactions occuring in the nuclear targets, therefore pions were only 
shot in Z positions past the nuclear target region. The mass of this smaller portion of 





Fiducial Volume This proposal for the DUNE Near Detector consists of a fiducial 
region of the detector that contains nuclear targets, as well as straw tube planes. The 
straw tube planes consist of two layers of tubes, of 1cm diameter, filled with a mixture 
of 70% Xe and 30% CO2 gas and with a wire running through the center of the tube, 
making each tube a straw chamber, that detects particles based on the ionization of 
the gas inside it. For our geometry, each module of the detector contains two planes, 
of 2cm thickness each, that are of the same composition as the material inside the 
straw tubes described in the DUNE CDR. Each one of these planes is sandwiched 
between two radiator planes. Each radiator plane has approximately 9mm thickness 
and consists of 25µm planes of polypropelene (C3H6) with a 1125µm air gap between 
each plane. There are 80 of these modules in the detector, with a separation of 4mm 
between each module, totaling a length of 6.4m for the fiducial region of the detector. 
The total mass of the tracking region is∼8  tons and the total mass of the scintillator 
planes, which will be the effective target of our tracking region, is of approximately 
5.88 tons 
 
Electromagnetic Calorimeter The fiducial region is surrounded by an Electromag- 
netic Calorimeter, which consists of lead sheets of 1.75mm thickness for the forward 
ECAL and of 3.5mm thickness for the barrel and backward ECALs. These between 
pairs of lead sheets, a layer of 10mm plastic scintillator bars were placed. 
 
Muon Detector Both the tracking region and the electromagnetic calorimeter are 
expected to be surrounded by a 0.4-T dipole magnet, whose magnetic field will be 
usedto measure the particles momentum and charge. The return yoke of this magnet 
is expected to funcion as a muon spectrometer, since most particles are expected to be 
stopped by the thick steel walls. In order to emulate this spectrometer in our geometry 
we placed steel planes at the side, front and back of the detector. Inner dimensions 
of this steel casing is of 4m×4m ×8m, the steel walls have a thickness of 60cm for the 
walls on the sides, 60cm for the front wall (upstream) and 100cm for the wall at the 
back (downstream). 
According to the DUNE CDR, this detector will reside inside of a 0.4-T dipole 
magnet for the measurement of the particle momentum and charge. we have, however 
not simulated such magnet for our investigation. The detector is also expected to have 
a vertex resolution of 0.1mm and an angular resolution of 2mrad. 
 
2.4.2.3 DUNE ND - Liquid Argon Proposal 
The liquid argon proposal for the DUNE ND, as specified on the ND workshop [26], 
consists of several modules, each of wich is a liquid argon time projection chamber 
(LArTPC). Since most of the volume of the fiducial region will consist of the liquid 






simple  liquid  argon  cube  if dimensions 2×m  3m×5m.  Since  the  reference  does  not 
specify an angular resolution for the detector, we took the angular resolution for the 
MicroBooNE LAr-TPC experiment of 3 mrad[27]. It is important to note that this 
detector is planned to have a magnetic field for the reconstruction of the momentums. 
However, we did not model that magnetic field for our simplified geometry. 
 
Figure 2.9: Diagram of the DUNE ND geomatry used to simulate the Liquid Argon 
proposal. Dimensions of the cube: 2m × 3m × 5m. Total detector mass: 25 tons. 
 
2.5 TMVA Analysis 
2.5.1 Multivariate analysis - basic deftnitions 
In simple terms, Machine Learning (ML) refers to computational methods that use 
available information to improve performance or make accurate predictions[28]. We 
will begin by giving an outline of how learning algorithms work. In order to achieve 
this, it is necessary to first become familiar with some basic definitions. 
• Features. Attributes associated with each element of data set, usually repre- 
sented as a vector in a feature space. There characteristics can then be potentially 
used for the evaluation of each element. In the case of our analysis, the features 
we use for training are the 6 experimental observables described in table 2.1. 
• Labels. Values  or categories assigned to elements of a data set.  In the case of 





analysis, an events may be assigned the label of signal or background. In the 
case of a regression problems, labels are assigned real values. 
• Concept. Given a set Λ of feature vectors and a set Ω of labels, a concept 
c :Λ → Ω is a function that maps features l ∈ Λ into the set of labels Ω. 
• Hypothesis set. A set H of functions that map the features into the set of labels 
(a.k.a. concepts) from which the algorithm chooses a function∈h H that 
is sufficiently close to the target concept c that we seek to emulate using our 
learning algorithm. 
• Training sample. Example data set used to train the algorithm. 
• Test sample. A separate data set from the training sample that is not made 
available during the learning stage. It represents the data the algorithm will 
encounter in the future, and thus is used to evaluate the performance of the 
learning algorithm. 
 
Types of learning problems Multivariate analysis problems can be divided in two 
categories: 
• Regression. The objective is to predict a real value for each element that is 
processed. E.g. predictions for stock prices, weather patterns etc. Also, since 
predictions arereal valued, when the quality of the algorithm is evaluated, one 
can define a metric for the distance between the predicted and real values in 
order do decide how much the algorithm is penalized. 
• Classiftcation. The objective is to assign a label from a finite set of categories 
to each element that is processed. E.g. News stories could be classified as sports, 
weather, politics. 
• Clustering. The objective is to partition the dataset into homogeneous regions. 
E.g. group paintings based oncolor palletes, identify facebook users with similar 
interests. Clustering is often used to analyze very large datasets[28]. 
 
2.5.2 Learning algorithms 
The TMVA package provides us with a variety of learning algorithms. In order for 
these algorithms to learn, we need a training sample, from which the algoritm can 
get feedback. For example, if one were to design an algorithm that pursued to learn 
how to play chess, the training sample could consist of a set of past games, that the 
algorithm may use to guide its learning process. Depending on the type of feedback 






• Unsupervised Learning. No feedback is given to the algorithm, nonetheless, 
it derives patterns from the features of elements in the training dataset. Using 
the example above, a learning algorithm could receive aset ofchess games played 
by different players and cluster together games with similar playing patterns. 
• Reinforcement Learing. The algorithm learns from a series of rewards and 
punishments, however, it does not know the direct relationship between the re- 
inforcements and the behavior that caused them. An example of this, in the 
context of the chess algorithm, could be if it did not receive any feedback on 
the quality of its moves, but instead altered its playing patterns based on which 
games resulted in a win or a loss. 
• Supervised Learning. Information is already known about the desired classi- 
fication of the training data set. Then, the algorithm trains to try to increase the 
positive feedback it receives. In the context of chess algorithm, this would be 
equivalent to the algorithm receiving feedback on the quality of the moves it 
chooses, as well as from the end result of the games, based on the past games 
from the training dataset. 
 
In the case of our investigation, we have considered two algorithms for supervised 
learning in order to solve the classification problem of distinguishing the signal from 
background. After considering the different quantities that can be observed by the 
detector, along with the fact that the signal of the trident process is characterized by 
a µ+ µ pair coming from the vertex, we defined six different experimental observables, 
detailed in Table 2.1. Once with these observables in mind, we tested twomulti-variate 
analysis (MVA) classification techniques, offered by the ROOT TMVA Package. Since 
the relacionship between the variables not linear, we deemed it interesting to compare a 
linear method, like Boosted Decision Trees(BDTs), and a non-linear one, likek-Nearest 
Neighbors (kNN). 
In the following section, we proceed to describe these different methods, how they 
are trained, and how they treat multi-dimensional space, in order to select the signal. 
 
2.5.2.1 Boosted Decision Trees (BDT) 
Classiftcation Trees Decision trees can be used to solve either classification or re- 
gression problems. When the tree is used to classify data, it is called a classification 
tree. The treatment of the multi-dimensional variable space by a decision tree (DT), 
is based on making cuts on the different variables available. At each stage of the tree 
training, a cut in one of the variables is made creating an extra subregion of the vari- 
able space. The variable on which the cut is made, as well as the value of the cut, can 
be determined by differente criteria. In the case of our investigation, we used the Gini 






G  = p(1 p−) where p is the purity of a region in the variable space. In our case, if 
events can be classified only as signal or background events, the purity is calculated as 
p = S/(S +B), where S and B are the number of signal and background events, respec- 
tively. Figure 2.10 shows an example ofdecision tree bein trained in atwo-dimensional 
variable space, where at steps t1, t2 and t3 cuts are progessively made, ending up with 
dividing the variable space in subregions R3, R4, R5 and R6. 
 
 
Figure 2.10: Description of signal selection for Boosted Decision Trees 
 
Boosting In order to increase the speed and improve the predictions of a DT, one 
can use Ensemble methods. Ensemble method consist on combining several inefficient 
predictor that combine one can add extra steps into the tree making algorithms, these 
methods are called "Boosting". The type of boosting chosen for our analysis is adaptive 
boosting (AdaBoost). Adaptive boosting consists of making a many DT’s with thesame 
data set, but each time adding an additional weight α to the data that is misclassified. 
The weight α that is applied on an event depends on the misclassification rate (err) of 
the previous tree. 
α = 




The output of each of these classification trees is defined as h(x), where x is the 
ntuple of variables corresponding to an event, and yelds +1 for signal events and -1 








yboost (x) = 





Where the hi(x) is the output of the ith event, and N is the total number of trained 
trees. The idea behind the concept of adaptive boosting is to guide the algorithm 
into making cuts that favour the selection of more difficul-to-classify data points, and 
adding the output of weak classifiers (Decision Trees) into a strong classifier. 
 
2.5.2.2 k-Nearest Neighbors (kNN) 
The k-Nearest Neighbor algorithm selection process is ordered in the following way: 
 
1. Training phase. The training sample is read and, for each data point, the 
information of whether it is a signal or background event is stored. 
2. An appropriate metric is chosen in order to judge the "distance" between data 
points, e.g. Euclidian distance, in case the variables lie in a continuous space. 
3. Classification Phase.  The test   sample is taken and,  for each datapoint,  the k 
datapoints from the training sample that are "nearest" to it, based on the 
metric chosen, are selected. Then, the data point form the test sample is classified 












Figure 2.11: Description of signal selection for k-Nearest Neighbors 
 
For the weights that we used in the TMVA analysis were the expected number of 
events for trident and background signals in the for the different experiment fluxes. 
These event rates were calculated by convolution of the calculated cross sections with 
the fluxes portrayed in figure 2.5. The detailed calculations of the expected number of 













In the following section, we proceed report the results of the analysis made for the 
different detector geometries and beam configurations. The order is as follows: First, we 
report the results from our background simulation for the pion backgrounds ( contained 
pions and passed pions ). Then, the significance results for the MINERνA-like detector 
are presented, for both the NuMI ME and HE beam configurations. Finally, the results 
for the DUNE-ND-like detectors are presented, for the STT and LArTPC proposals. In 
this case we considered two dofferent experimental exposures to present our DUNE ND 
results. The first set of results assume a 850 kT-MW-yr exposure in DUNE’s lifetime, 
as it was assumed by Magill[5]. The second exposure assumed is of 300 kT-MW-yr, 
corresponding to the DUNE experiment running for 7 years, with a 40kT far detector 
and a 1.04MW reference beam. 
 
3.1 Pion background results 
After π+ were shot inside of the detector, one of three things could happen to them: 
they could go through the entire detector, in which case they would be added to the 
passed pions background, they could undergo a DIS interaction with the material of 
the detector, or finally, they could decay and produce a µ+ and a νµ. Tables 3.1 and 3.2 
shows the rate at which the pion did one of these three things inside of the detector, for 
coherent and incoherent interactions respectively. The fourth row in the table shows 
the percentage of the decayed pions that are eligible as contained pion backgrounds. 
As described in section 1, this would mean that the angle the µ+ arising from the decay 
forms with the track of its parent π+ is smaller than the detector’s angular resolution. 
As a reminder, the angular resolution for the MINERνA detector’s fiducial region is of 
0.5o, the angular resolution of the DUNE STT Dear Detector is of 2mrad (0.115o) and 
for the DUNELArTPC proposal, wehavetaken the MicroBOONE’s angular resolution 











Passed Pions 15.20% 12.43% 3.12% 3.00% 
DIS Pions 65.33% 74.16% 84.39% 85.65% 
Decayed Pions 19.47% 13.41% 12.49% 11.37% 
Contained Pions 
(% of Decayed Pions) 
0.03% 0.026% 0.39% 0.51% 
 
Table 3.1: Distribution of interactions of Pions inside of each detector for coherent in- 
teractions. NOTE: Angular resolution of 2mrad was used for the DUNE STT and of 
3 mrad for the DUNE Argon detector, based on the Microboone angular resolution[27]. 
 





Passed Pions 21.77% 10.97% 3.78% 3.67% 
DIS Pions 52.03% 70.39% 77.30% 78.84% 
Decayed Pions 26.20% 18.64% 18.92% 17.48% 
Contained Pions 
(% of Decayed Pions) 
0.017% 0.016% 0.20% 0.26% 
 
Coh π0’s 5.46% 5.34% 6.6% 7.82% 
Protons in FS 34.41% 22.02% 26.04% 24.35% 
Neutrons in FS 60.13% 72.64% 67.36% 67.83% 
Table 3.2: Distribution of interactions of Pions inside of each detector for incoherent 
interactions 
 
3.2 Significance results 
Then, after running our TMVA analysis, we were able toobtain signal and background 
efficiencies, as well as the significance for the coherent and incoheren processes. First 
we proceed to compare the effectiveness of the two TMVA methods used. It should be 
noted that the formula used by TMVA to calculate the significance is: 
S = √ 
S 







The MINERνA-like detector 
 
 
Figure 3.1: Significance results for NuMI ME and NuMI pHE beams in a MINERνa- 
like geometry 
 
The DUNE Near Detector assuming a 850 kT-MW-yr exposure 
 
 
Figure 3.2: Significance plots for the Liquid Argon, and STT proposals for the DUNE 
Near Detector 
 
If we compare both DUNE scenarios shown in figure 3.2, we can see that the DUNE 





1 and 2. To understand this, we need to note that, as noted in section 2.1, cases 3 and 
4 differ from cases 1 and 2 in that they take in to account an aditional background: 
passed pions. The passed pions background is very numerous for the DUNE LArTPC 
detector because there is no aditional calorimetry to constrain the π+’s coming from 
interactions inside of the detector. 
 
As it can be seen in figure 3.2, the significance for the DUNE Argon proposal is much 
larger than that of the STT detector. This makes sense, because the argon detector is 
much more massive, 25 tons compared to 5.88 tons of the DUNE STT detector. Even 
though the detector will also have a larger background, if one looks at the equation 
for the significance above, it is evident that is the signal increases at the same rate as 
the background, then the significance is expected to increase, due to the square root 
in the denomitator. One can even notice that, as seen in Appendix B, the passed pions 
background is much larger for the DUNE Argon detector, not only because of the 
detector size, but also because its lack of calorimetry, however, the increase in the 
signal had such an important effect, that even for cases 3 and 4 the DUNE Argon 
detector still shows greater significance values than the DUNE STT detector, when 





The DUNE-like geometry (Exposure 300 kT-MW-yr) 
Now we proceed to present the same significance plots as in figure 3.2, but calculated 
for an exposure of 300 kT-MW-yr. They show the same trends as the previous sec- 
tion, however the significances are more comparable to those for the MINERνA-like 
detectors. 
 
Figure 3.3: Significance plots for the Liquid Argon, and STT proposals for the DUNE 
Near Detector 
 
Seeing as the BDT method was the most effective one to separate the signal from 
the background, it was the one chosen to fill the tables that report the significances for 
the coherent (Tables 3.3 and 3.6) as well as the incoherent (Tables 3.4 and 3.7) cases. 
Finally, we considered that protons and neutrons are not always visible to a detector, 
especially if they have low energy. This puts into question, if it really makes sense to 
assume that a detector will always be able to distinguish between a coherent and an 
incoherent trident interaction. Thus, we considered interesting to repeat the TMVA 
analysis, but this time the combination of the coherent and incoherent processes as the 
signal. Since the background signal for the coherent process is completely contained 
inside of the background signal for the incoherent process, for this new analysis the 
background signal remained the same as for the incoherent case. Theresults are shown 
in tables 3.5 and 3.8 below. 
 
3.3 Conclusions and prospects for future investiga- 
tions 
Theoretical crosschecks and extensions First, we were able to recleate the cal- 






calculations to the SM by adding the effecto of the CV and CA couplings. Although 
these new calculations have not yet been implemented in GENIE, this is a direction 
that the investigation could take in te future. However, it should be noted that the 
expressions that are shown in appendix A, although really long, have been calculated 
for the case in which both muons in the final state dimuon pair are of the same flavor. 
If we were to consider dimuon pairs of different flavors, then the calculated expressions 
would be much larger. Therefore, it would be helpful to study which approximations 
would be appropriate to reduce these expressions in size, in order to make it more 
feasible to add them into the GENIE generator objects. 
 
Signal simulation Thetrident production process has been successfully implemented 
in the GENIE montecarlo generator, for both the coherent and incoherent processes. 
Although the full calculations taking into account the CV and CA directly from the 
cross section calculation have been made, for the purpose of this investigation, the 
cross-section that was implemented in GENIE was the one calculated in the V-A the- 
ory, like the one calculated in reference [7] to which we applied a correction factor 
based on the one used by reference [4], in order to compensate for the effect of the in- 
terference between NC and CC bosons. This could be done because this investigation 
concentrated on the analysis of the dimuon case of trident production, which is the 
same context in which Altmannshofer used this approximation. Finally, we were able 
to successfully generate weighted trident prodcution events in the GENIE montecarlo, 
for both the coherent and incoherent scenarios. Future plans include using the results 
on A to implement the full SM cross-section in GENIE. 
 
Background simulation We were able to construct Geant4 geometries that could 
closely emulate the MINERvA detector and as well as tentative DUNE ND proposals, 
namely the STT and the LArTPC proposals. These geometries were then used to 
simulate the behaviour of π+s inside ofthe detector, in ordertosee at which proportion 
they would interact, decay, or go through the detector and escape. Could then use this 
information to get the proportions that we could expect of the background events 
coming from the contained pions and passed pions as described in section 1.4. We also 
generated a sufficient amount of charm production events, in order to discern which 
charmed particles could cause a dimuon background that would be relevant to our 
investigation. The conclusion was that, given the cuts that we will apply to our signal 
regarding the number of particles that are expected to come out of an interaction 
vertex, the only charmed particle whose decay could be considered background, would 
be the λ+. It should be noted, that this charm production evetn would coluld only 
be a potential background for coherent trident production if the neutron produced 
were not to be detected. However, since this depends mucho on the reconstruction 





is always invisibleto the detector, in order to give a worst case scenario estimate for 
the background. 
 
TMVA analysis As it  is portrayed on the result tables below,  the  TMVA  based on 
the DUNE ND proposals have resulted in large significances, for both the 300 kT- 
MW-yr and the 500 kT-MW-yr exposures. Even the predictions based on the NuMI 
beamline have shown promising significances of around 4 σ’s. This allows us to conclude 
that, based on the analysis made by this investigation which has taken into account 
three typesof background, as well as the coherent and incoherent trident processes, it is 
possible to make an excellent distinction between the trident signal from its background 
processes based on the variable we defined for our TMVA analysis. Furthermore, 
predictions on the number of events expected in the DUNE ND lifetime is very high. 
We are therefore able to conclude that it is feasible to pursue the measurement of 
trident production in the future DUNE ND, as well as the MINErνA detector, in case 
the high energy NuMI beam were to be put into operation. 
 
3.4 Summary Tables 
Fromthe result tables one can conclude that there are twomain factor that should be 
taken in to account when determining whether an experiment is feasible for detecting 
trident production events: Detector size and appropriate muon detection, which usually 
implies the use of an effective calorimeter, as those shown in figures 2.6 and 2.8 for the 
MINERvA and DUNE STT Near Detector respectively. However, it is also important 
to note that the Liquid argon proposal shows a greater significance even when their 
background signal is much higher, as shown in appendix B. The reason being that the 
detector size (25 tons) is large enough for it to have a large enough signal that allows 









 DUNE Arg DUNE Scint 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 490 17 21.760 73 3 8.412 
2 447 24 20.595 69 7 7.942 
3 231 147 11.899 74 18 7.719 
4 118 0 10.867 72 22 7.421 
 NuMI ME NuMI HE 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 11 10 2.414 21 1 4.525 
2 5 5 1.662 19 4 4.029 
3 6 24 1.199 18 10 3.449 
4 4 18 0.932 16 15 2.887 
 
Table 3.3: Expected number of signal events (Sgn), Background events (Bkg), and 
Significance (measured in σ’s) for the four detector designs considered for the coherent 







 DUNE Arg DUNE Scint 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 321 268 13.245 45 56 4.522 
2 540 2483 9.829 39 123 3.128 
3 15 6 3.288 52 308 2.753 
4 7 6 1.927 94 2236 1.955 
 NuMI ME NuMI HE 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 6 7 1.676 14 2 3.520 
2 4 5 1.305 13 4 3.111 
3 5 11 1.266 14 10 2.930 
4 1 0 0.812 11 10 2.428 
 
Table 3.4: Expected number of signal events (Sgn), Background events (Bkg), and Sig- 
nificance (measured in σ’s) for the four detector designs considered for the incoherent 








 DUNE Arg DUNE Scint 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 838 33 28.386 125 10 10.743 
2 793 75 26.912 114 14 10.079 
3 341 0 18.443 119 34 9.655 
4 215 1 14.630 107 41 8.806 
 NuMI ME NuMI HE 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 19 15 3.226 37 3 5.794 
2 11 7 2.495 36 8 5.376 
3 12 11 2.511 35 10 5.259 
4 6 9 1.612 27 10 4.488 
 
Table 3.5: Expected number of signal events (Sgn), Background events (Bkg), and 
Significance (measured in σ’s) for the four detector designs considered for an inclusive 







 DUNE Arg DUNE Scint 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 172 6 12.921 25 1 4.948 
2 157 8 12.229 24 2 4.669 
3 81 51 7.065 25 6 4.533 
4 41 0 6.453 24 7 4.357 
 NuMI ME NuMI HE 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 11 10 2.414 21 1 4.525 
2 5 5 1.662 19 4 4.029 
3 6 24 1.199 18 10 3.449 
4 4 18 0.932 16 15 2.887 
 
Table 3.6: Expected number of signal events (Sgn), Background events (Bkg), and 
Significance (measured in σ’s) for the four detector designs considered for the coherent 








 DUNE Arg DUNE Scint 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 34 36 4.086 5 9 1.322 
2 53 371 2.581 3 11 0.848 
3 2 2 1.046 3 23 0.724 
4 1 2 0.567 13 788 0.480 
 NuMI ME NuMI HE 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 6 7 1.676 14 2 3.520 
2 4 5 1.305 13 4 3.111 
3 5 11 1.266 14 10 2.930 
4 1 0 0.812 11 10 2.428 
 
Table 3.7: Expected number of signal events (Sgn), Background events (Bkg), and Sig- 
nificance (measured in σ’s) for the four detector designs considered for the incoherent 






 DUNE Arg DUNE Scint 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 295 8 16.942 43 2 6.450 
2 279 19 16.169 41 4 6.129 
3 120 0 10.949 41 10 5.805 
4 76 0 8.686 39 14 5.331 
 NuMI ME NuMI HE 
Case Signal Backg. Signif. Signal Backg. Signif. 
1 19 15 3.226 37 3 5.794 
2 11 7 2.495 36 8 5.376 
3 12 11 2.511 35 10 5.259 
4 6 9 1.612 27 10 4.488 
 
Table 3.8: Expected number of signal events (Sgn), Background events (Bkg), and 
Significance (measured in σ’s) for the four detector designs considered for an inclusive 


















Figure A.1: PµLµνPν reduction 
 
 













Calculation of Weights for TMVA 
analysis 
 
In this section, I give the details of how the weights have been calculated for the TMVA 
analysis 
Amount of Pions expected in each experiment 
For the coherent case: 
For NuMI ME: 
Calculated from GENIE generation: 
• For every 12e6 events, we have 857973 Pions 7.148% 
For NuM HE: 
Calculated from GENIE generation: 
• For every 12e6 events, we have 1499669 Pions 5.735% 
For DUNE STT: 
Calculated from GENIE generation: 
• For every 156.221e6 events, we have 8345751 Pions 5.342% 
For DUNE Argon: 
Calculated from GENIE generation: 











Passed Pions 15.20% 12.43% 3.12% 3.00% 
DIS Pions 65.33% 74.16% 84.39% 85.65% 
Decayed Pions 19.47% 13.41% 12.49% 11.37% 
Contained Pions 
(% of Decayed Pions) 
0.03% 0.026% 0.39% 0.51% 
 
Table B.1: Distribution of interactions of Pions inside of each detector for coherent in- 
teractions. NOTE: Angular resolution of 2mrad was used for the DUNE STT and of 
3 mrad for the DUNE Argon detector, based on the Microboone angular resolution[27]. 
 





Expected # of events 27600000 144423900 20460400 22797733 
Expected # of CC events 20400000 106748100 15345300 17098300 
Expected # of Bg Pions 1474392 7414723 1462509 1307450 
Passed Pions 224107 921650 45630 39224 
Contained Pions 
(% of Decayed Pions) 
86 259 712 758 
Charm Production 134 810 146 131 
Trident 12 92 15 23 
Table B.2: Calculated weights for coherent interactions 
 
For the incoherent case: 
For NuMI ME: Calculated from GENIE generation: 
• For every 12e6 events, we have 857973 Pions 12.497% 
For NuMI HE: Calculated from GENIE generation: 
• For every 12e6 events, we have 1499669 Pions 9.670% 
For DUNE STT: 
Calculated from GENIE generation: 
• For every 15e6 events, we have 2229215 Pions 14.861% 
For DUNE Argon: 
Calculated from GENIE generation: 
















Passed Pions 21.77% 10.97% 3.78% 3.67% 
DIS Pions 52.03% 70.39% 77.30% 78.84% 
Decayed Pions 26.20% 18.64% 18.92% 17.48% 
Contained Pions 
(% of Decayed Pions) 
0.017% 0.016% 0.20% 0.26% 
 
Coh π0’s 5.46% 5.34% 6.6% 7.82% 
Protons in FS 34.41% 22.02% 26.04% 24.35% 
Neutrons in FS 60.13% 72.64% 67.36% 67.83% 
 
















Expected # of events 27600000 144423900 20460400 22797733 
Expected # of CC events 20400000 106748100 15345300 17098300 
Expected # of Bg Pions 4101636 12260145 2556936 2204541 
Passed Pions 550029 1344938 96653 80907 
Contained Pions 
(% of Decayed Pions) 
202 366 968 1002 
Charm Production 134 810 146 131 
Trident 9 65 11 16 
 















Passed Pions 0.02% 10.97% 3.78% 3.67% 
DIS Pions 68.59% 70.39% 77.30% 78.84% 
Decayed Pions 31.39% 18.64% 18.92% 17.48% 
Contained Pions 
(% of Decayed Pions) 
0.015% 0.016% 0.20% 0.26% 
 
Coh π0’s 5.46% 5.34% 6.6% 7.82% 
Protons in FS 34.41% 22.02% 26.04% 24.35% 
Neutrons in FS 60.13% 72.64% 67.36% 67.83% 
 
Table B.5: Distribution of interactions of Pions inside of each detector for incoherent 















Expected # of events 27600000 144423900 20460400 22797733 
Expected # of CC events 20400000 106748100 15345300 17098300 
Expected # of Bg Pions 4101636 12260145 2556936 2204541 
Passed Pions 821 1344938 96653 80907 
Contained Pions 
(% of Decayed Pions) 
194 366 968 1002 
Charm Production 134 810 146 131 
Trident 9 65 11 16 
 
Table  B.6: Calculated weights for incoherent interactions using a Hadronic 
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